We consider radiative corrections to polarization observables in elastic electron-proton scattering, in particular, for the polarization transfer measurements of the proton form factor ratio µGE/GM . The corrections are of two types: two-photon exchange (TPE) and bremsstrahlung (BS); in the present work we pay special attention to the latter. Assuming small missing energy or missing mass cut-off, the correction can be represented in a model-independent form, with both electron and proton radiation taken into account. Numerical calculations show that the contribution of the proton radiation is not negligible. Overall, at high Q 2 and energies the total correction to µGE/GM grows, but is dominated by TPE. At low energies both TPE and BS may be significant; the latter amounts to ∼ 0.01 for some reasonable cut-off choices.
Introduction
Polarized and unpolarized elastic electron scattering are important sources of information about nucleon structure, which in this case reveals itself via electromagnetic form factors (FFs). Study of Q 2 dependence of the FFs allows, for example, to determine nucleon size and quark content, test phenomenological nucleon models, QCD predictions, and much more. However, the elastic scattering amplitude and the FFs are simply related only in the first order in α, the electromagnetic interaction constant. An analysis of experimental data necessarily involves the calculation of higher-order effects, often called radiative corrections. In connection with the modern development of polarization transfer experiments [1] it became clear that higher-order corrections can seriously influence the FF measurements (see, e.g., Refs. [2, 3, 4] ). Nevertheless, current cituation with the estimates of the radiative corrections to polarized ep scattering is not quite satisfactory.
There are two distinct types of radiative corrections: 1) The corrections of the second order in α to the elastic amplitude. An example of such correction is two-photon exchange (TPE), and 2) The radiation of undetected (soft) photons, known as bremsstrahlung (BS) or radiative corrections in a narrow sense. It is well-known that both corrections are, in general, infra-red (IR) divergent and a finite cross-section value is obtained only after their summation. Hence both corrections should be considered in common. However, this was never done in calculations of the radiative corrections to polarization observables in ep → ep. Thus, in Refs. [4] the correction was attributed entirely to TPE. On contrary, in Refs. [5, 6] the BS corrections were thoroughly analyzed, but the contribution of the box diagram (TPE) was ignored "because its treatment ... requires different methods".
This became possible, since the IR-divergent term is factorizable; that is, it can be reduced to an overall spin-independent factor in the cross-section. Thus polarization observables, which are, in fact, ratios of some polarized cross-section to the unpolarized one, never suffer from the IR divergence; both TPE and BS corrections to such observables appear finite and may be calculated separately. Nevertheless, an arbitrary omission of one of them is obviously incorrect.
During last decade, TPE was studied rather thoroughly, and the corresponding amplitude was calculated by different authors in various approximations and kinematical conditions; we will not discuss it in detail here, but will just refer to the known results [4, 7, 8] .
As to the BS, the most recent works on this subject [5, 6] still have some drawbacks. The main idea of the papers [5, 6] was an exact model-independent calculation of the BS effects. To achieve this, authors were to consider only the radiation by the electron, but not by the proton, since the latter depends on the details of the proton structure.
The neglection of the proton radiation seems well-justified at low momentum transfer, when the proton remains practically at rest. However, at typical experimental conditions in JLab [1] the final proton is relativistic, thus the electron and the proton are on an equal footing and their contributions to the BS should be of the same order of magnitude.
Even the full cancellation of the IR divergence is impossible without taking into account proton radiation. Namely, if the BS amplitude is M = Me + Mp, where the subscript indicates radiating particle, then the IR divergence in |Me| 2 dΓ cancels with that of the electron vertex correction, the IR divergence in |Mp| 2 dΓ -with the proton vertex correction, and the IR divergence in Re MeM * p dΓ -with the IR divergence of the TPE amplitude.
In the present paper we analyze radiative corrections to the polarization observables in ep → ep. We take into account both TPE and BS, and for the latter include the radiation by the electron as well as by the proton. Certainly exact analytical and model-independent calculation of the proton radiation is impossible (still this is not needed for practical applications). However, we are able to obtain the result of such sort after the expansion in powers of photon energy, in the first non-vanishing order. The case of polarization transfer measurements of the proton FFs is considered in detail. Our approach is also applicable to other polarization experiments, e.g., measurements of beam-target asymmetry.
So as not to go into details of different experiments, we consider a simple idealized experiment in which the final proton is detected in a fixed direction, that is, the angular acceptance of the proton detector is very small. Both electron and proton energies are measured to determine missing energy ∆E, and the event is counted as the elastic one if ∆E < rm, where rm is some cut-off. This is the way the elastic events were selected in the real experiments [1] . Authors of Refs. [5, 6] use a cut on the missing mass, which was not applied in Ref. [1] . This case is also considered in our paper and compared with the "missing energy" approach.
To reduce inelastic background, one must choose reasonably small rm. For example, to exclude pion production, rm should be restricted by rm < mπ ≈ 140 MeV. Therefore we have a small parameter rm or, more precisely, rm/M (where M is the proton mass). We calculate the radiative correction in the first nonvanishing order in rm. To this order, the low-energy theorem [9] allows us to obtain a model-independent result in the sense that it is expressed solely through on-shell proton FFs and their derivatives.
Bremsstrahlung cross-section
The process under consideration is
We will also use the alternative notation ka for particle momenta, k1 = k, k2 = p, k3 = k ′ , k4 = p ′ . Throughout the paper space components of 4-vectors are denoted by boldface, e.g., k, p, etc. The electron and proton masses are m and M , respectively. The cross-section is given by
where M is the scattering amplitude, ǫ is initial electron energy in the lab. frame, ǫ ′ , E ′ and |r| are final electron, proton and photon energies. The appropriate summation/averaging over polarizations is implied. There are 9 variables here (p ′ , k ′ and r), but due to the δ-function only 5 are independent. We choose the independent integration variables to be r and n = p ′ /|p ′ |. This is convenient since r is small due to the missing energy cut |r| < rm and n is fixed in our kinematics (see Introduction). All other kinematical quantities will be functions of r and n, thus
Putting r = 0, we return to purely elastic scattering, for which we denote
Below we will make an expansion in powers of r. Requiring k ′2 = m 2 and p ′2 = M 2 it is easy to find
where
The δ-function can be rewritten as
Thus we have
The amplitude M depends, in particular, on p ′ and k ′ , which should be understood as functions of r and n, Eqs. (5,6). Now we want to expand the integrand into the series in r, keeping two leading terms. The first term will be O(1/|r|) and corresponds to the so-called Mo&Tsai approximation [10] . Thus
where M1 is the elastic scattering amplitude in the Born approximation, Z = 1 and is introduced, as usually, to distinguish electron and proton radiation (for positron-proton scattering we would put Z = −1), z1 = 1, z2 = −Z, z3 = −1, z4 = Z, εµ is photon polarization vector, and δMµνa is independent of r. Due to the low-energy theorem [9] , δMµνa can be expressed via M1, that is, via on-shell proton FFs (for more detail see the next section). The cross-section will be
Note that the overall minus sign appears because the photon polarization sum is εµε * ν = −gµν. The first term is IR-divergent. It is well-known that the divergence cancels with the IR divergence in the TPE correction.
Since that term has the same spin structure as the Born cross-section, it influences only the unpolarized cross-section (which is not of our interest), but not polarization observables 1 . By the same reason, we do not need to expand J(n, r) under the first integral in the l.h.s. of Eq.(12).
So we should consider the second term. It is IR-finite, and the integrals it contains have the form
where ρµ = rµ/|r| depends on angular variables only. The integrals involving electron momenta are divergent at m → 0:
(of course the C/m 2 terms cancel when computing any observable, but the logarithmic terms persist). These integrals are written out in Appendix A.
It is interesting to note that the second term in (12) can be viewed as a contribution coming from TPE with the amplitude δM = −4πα
Similarly to the TPE amplitude, the quantity δM can be expressed via scalar invariant amplitudes (generalized FFs). However, now we have to include not 6, but 8 FFs:
where u, u ′ and U , U ′ are electron and proton spinors, respectively,
µνστ γµPνKσqτ . For the genuine TPE the amplitudes F4,5,6 vanish in the zero electron mass limit and F7,8 ≡ 0, since these amplitudes violate T-invariance. On contrary, for the effective TPE describing BS, even if m → 0, non-zero contributions arise in F1−5 and F7,8 (the amplitude F6 is identically zero in our approximation).
The appearance of the T-violating amplitudes can be easily understood. In general, T-invariance connects the amplitudes for direct and time-reversed processes. For the elastic process the initial and final particles coincide, thus direct and reverse processes are, actually, the same process, and T-invariance imposes some constraints on its amplitude. For the BS an additional emitted photon breaks the symmetry between initial and final states, so the effective TPE amplitude need not necessarily be symmetric under time reversal.
Once we have converted BS into effective TPE, we may calculate both TPE and BS corrections to any observable through the same formulae (technically, this may be not the easiest way, but we find it interesting and feasible with symbolic calculation software).
The explicit expressions for the effective TPE amplitudes Fi are given in Appendix B.
The detailed formulae for the cross-section and other observables in terms of the amplitudes Fi are given in Appendix C. Here we write down only the correction to GE/GM ratio, measured via polarization transfer. In the Born approximation, we have
where θ is lab. scattering angle and S ⊥ (S ) is the transverse (longitudinal) component of final proton polarization. The correction to this quantity is given by
where ν = 4(p + p ′ )(k + k ′ ) and the prefix δ indicates contribution of order α. We have defined Fm = F1 + F2
and Fe = F1 + q 2 4M 2 F2; these are not the same as the elastic FFs GM and GE, since the former incorporate radiative corrections.
Bremsstrahlung amplitude in detail
The process amplitude is represented by the four diagrams ( Fig. 1 ) and equals
Figure 1: Bremsstrahlung diagrams.
The terms without Z correspond to the electron, the terms containing Z -to the proton radiation. In the latter case one needs to take into account off-shell effects. However to the needed order in r they can be estimated in a model-independent way using gauge invariance (this is a sort of so-called low-energy theorem [9] ). It turns out that these effects are absent in the leading order in r. The argumentation is quite similar to the one given in Refs [11, 9] . In short, let us assume that FFs in Eqs. (19,20) depend also on the proton virtuality v, Fi(q 2 ) → Fi(q 2 , v). For the two last diagrams in Fig. 1 , the virtualities are 2p ′ r and 2pr, respectively. Thus expanding in powers of r we have
The first term is the on-shell FF and the second represents sought off-shell correction. After inserting (21) in the full expression for the ampltude (19), v from the second term cancels with the proton propagator, thus the resulting contribution to the amplitude will be independent of r.
On the other hand, gauge invariance requires the amplitude to vanish upon the substitution εµ → rµ. This condition allows to determine the off-shell correction unambiguously. The straightforward calculation shows that the amplitude (19) is already gauge-invariant, thus (r-independent) off-shell correction should be identically zero. Now we should carefully expand (19) in powers of r, following the pattern of Eq. (12) . The first term in Eq. (19) seems to be proportional to the elastic Born amplitude, but this is not the case: the momenta of final particles p ′ and k ′ are not equal to the "elastic" ones p ′ 0 and k ′ 0 . To obtain the correct amplitude expansion, we use the formula
where p is particle momentum, S is its spin 4-vector. In all cases of our interest it is possible to use the above equation with δS = 0. Indeed, if we consider an experiment with polarized target (beam-target asymmetry), then the polarization of final particles is not measured and δS = 0. In the polarization-transfer experiment two quantities are measured: longitudinal and transverse polarizations of the final proton. Thus we should first insert p ′ in place of p in Eq. (22). Since in our calculations the direction of final proton momentum is fixed and only its magnitude can vary, we easily have δS = 0 for the measurement of transverse polarization and δS = − Sδp ′ M 2 p ′ for the longitudinal one. But the latter expression still yields zero contribution to the r.h.s. of (22). So we havē
where q0 = p ′ 0 − p and δp ′ is from Eq. (5). There is no need to expand the bracket
in Eq. (19), since the resulting expression will be anyway proportional to the Born amplitude and does not influence polarization observables. The Born amplitude is (remember that the photon propagator is included into Γµ)
The 2nd, 3rd, and 4th terms of Eq. (19) already contain the first power of r in the numerators, thus here we may safely ignore the difference between p ′ and p ′ 0 , U ′ and U ′ 0 , etc. Then we proceed to determining the effective TPE amplitudes Fi and computing corrections to observables, as described in the previous section.
Results and discussion
In all numerical calculations we use proton FF parameterization by Arrington et al. [12] . Everywhere below ǫ is initial electron energy (not to be confused with virtual photon polarization parameter). Figure 2 displays the BS correction to GE/GM ratio, as measured via polarization transfer [Eq. (17)], at four different beam energies. The missing energy cut-off is rm = 0.15 GeV. Since in our approximation the BS correction is proportional to rm, the transition to another rm value is straightforward. The quantity shown in the figure is µ δR = δR(Q 2 )/R(Q 2 = 0). It is more convenient to plot than the relative correction δR/R, since R approaches zero at Q 2 ∼ 7 GeV 2 ; therefore the relative correction strongly grows, even while δR itself does not. The dashed curves are obtained in the "missing mass" approach with the cut-off (p ′ + r) 2 − M 2 ≤ 2M rm = um. Thick curves results from the full calculation (Z = 1), thin ones -including electron radiation only (dropping two last diagrams in Fig. 1 or putting Z = 0 in the r.h.s. of Eq. (19)).
We see that the BS correction is typically quite small (< 1%), and has a tendency to drop as energy increases. This may indicate that the dimensionless expansion parameter is really not rm/M , but rather rm/Q or rm/E. The Q 2 dependence of the correction is weak, but at backward angles (when Q 2 is close to its maximum) the missing mass approach results in much larger correction. We also see that the significant part of the full correction is produced by proton radiation, especially at higher ǫ and Q 2 . The energy dependence of the BS correction at fixed lab. scattering angle 90
• is shown in Fig. 3 . Here the missing energy cut-off is taken proportional to the incident electron energy: rm = 0.1ǫ. The meaning of different curve types is the same as in Fig. 2 . All four curves become close at ǫ → 0; this is clear, since at ǫ → 0 the final proton remains practically at rest (p ′ ≈ p) and thus does not radiate. At ǫ M full and "electron only" calculations give very different results, as expected.
Comparing our results with the results of Refs. [5, 6] , we note that the linearity of the BS correction in rm at small rm ≪ M is clearly seen in the various figures from Refs. [5, 6] (note that um = 2M rm), that is, the validity of the expansion in rm is supported by Refs. [5, 6] as well. At ǫ = 4 GeV the correction obtained in the "missing mass" approach, has the same behaviour and magnitude as shown in Fig. 4 of Ref. [5] , but has opposite sign. The origin of this discrepancy is unclear.
In Fig. 4 we plot the total radiative correction, which is sum BS + TPE. The TPE correction was calculated according to Refs. [7, 8] . The BS is almost negligible with respect to TPE at ǫ ≥ 2 GeV; this is because the TPE correction grows with the energy, contrary to BS. At low energy the TPE correction is smaller and becomes comparable to BS. With the cut-off rm = 0.1ǫ, used to produce Fig. 4 , both corrections are negligible. However, the magnitude of the BS correction (contrary to the TPE one) substantially depends on the experimental details. If different cut-off is used in an experiment, the correction may become much larger (see e.g. Fig. 2 ). Thus we conclude that the BS corrections are of small importance for prospective high-Q 2 experiments, but may be significant and need to be more carefully analysed for low-Q 2 ones.
Conclusions
We have studied radiative corrections for the polarization transfer measurements of the proton FF ratio including both TPE and BS corrections. The latter was calculated assuming both electron and proton can radiate. Two approaches to the elastic event selection were considered: missing energy and missing mass cut-off. Numerical calculation shows that:
1. The proton radiation yields a significant part of the BS corrrection at ǫ M in both "missing energy" and "missing mass" approaches.
2. In the "missing mass" approach the correction strongly grows at large angles, whereas in the "missing energy" approach it does not.
3. The BS correction is small at high energies (ǫ M ), where the TPE correction is much larger. However there is no final reliable estimate of the TPE amplitude in this region; this is an important open problem. The significance of the BS correction at low energies depends on experimental details; thus it should be checked separately for each case.
A Angular integrals φ abµ
The integral to calculate is
where ρ = (1, ρ) and ρ 2 = 1. Obviouslȳ
where e0 = (1, 0). The coefficients A and B are easily expressed via the scalar integrals
where ǫa = ka0 and θ is the angle between ka and k b . There are three special cases. For ka = k b we implyφaaµ = 2Aaakaµ + BaaM e0µ, with
and for ka = k b = k2
In Refs. [5, 6] , authors consider a cut on the missing mass, instead of the missing energy, as an event selection criterion. This case is also covered by our approach. All ingredients of the calculation remain unchanged except the integrals φ abµ . The integrals can be rewritten in fully covariant form as
In the approach of Refs. [5, 6] , the condition pr ≤ M rm is replaced by (p + r ′ ) 2 − M 2 = 2p ′ r ≤ um, thus the corresponding formulae can be obtained from the above by substitution p ↔ p ′ , rm → um/2M .
B Effective TPE amplitudes
In this section we write down the effective TPE amplitudes δFi, which correspond to the BS amplitude as discussed in Sec. 2. They are obtained as described in Sec. 3.
The quantities A ab and B ab are defined in the previous Appendix. The electron mass m is set to zero, except in front of A11 and A33, which diverge as 1/m 2 (see Eqs. (13,14) ). For brevity, we set Z = 1 in the following equations. The Z dependence can be easily restored by putting A ab → zaz b A ab , B ab → zaz b B ab , with z1 = z3 = 1 and z2 = z4 = Z. Finally, δFm ≡ δF1 + δF2, and δX is the auxilliary quantity which enter the formulae for δFm and δF2. 
C Observables
In the case of double-polarization experiment the amplitude squared has the following general structure:
where sµ is incoming electron polarization and Sµ is the spin of the proton, either initial or final. 
The corrections to double-polarization observables are related to O(α) terms in dµν . The detailed expression for dµν, corresponding to the square of ampltude (16), is written below. In the Born approximation there are only two non-zero FFs, F1 and F2. Thus all terms, proportional to FiF * j with i, j ≥ 3 are droppedthey are small as O(α 2 ). We have
